3.5 Lin Homogeneous Constant Coeff

» The n'"-order homogeneous linear differential equation with constant co-efficient is
aﬂg_:—}f + Gn—l%% + e+ agggg + algg + agy = 0. Here a;’s are constants.

» Take y = €™ is a solution = €™ (a,m" +---+aym+ag) = 0= a,m" +---+a;m+ap.
It is called auxiliary or, characteristic equation of the Ode.

> : Auxiliary equation has n distinct real roots ay,as, - ,a, = The general
solution is y = c1€™" + coe™2T + - -+ + cpe® T,

> : Auxiliary equation has p equal and n—p distinct real roots o, - - - | v, ap, - -+, ap—yp
= The general solution is y = €**(c; + cox + +++ + P! + d1e™? + -+« + d,,_ ¥ 7",
> : Auxiliary equation has p complex conjugate roots oy i3y, - - ap £1i3, = The
general solution is y = e®*[c; sin(f1z) +di cos(frx)] +- - - + €% [cp sin(Bpx) +dp cos(Bpz)].
> : Auxiliary equation has p equal complex conjugate roots a = i3 = The gen-
eral solution is y = €**[(c; +caz+- - - +cpaP 1) sin(Bzx) + (di +doz + - - -+ dpxP ™) cos(Bz)].

Example 3.10. Find the general solution of 4y" — 12y’ + 5y = 0.

= Let y = ™" be a trial solution of the equation.

So the auziliary equation is: 4m?* —12m+5=0= (2m—1)(2m—5) =0=m = 1/2,5/2.
Therefore the general solution is y = c1e%/? + coe®®/2 | where ¢, ¢y are arbitrary constants.

[Do It Yourself] 3.56. Solve the Ode’s: i) y" — 4y’ + 4y = 0, i) ¢’ + 6y + 11y =
0, i) 16y"” + 32y + 256y = 0, iv) v —3¢y" — v + 3y =0, v) v — 63" + 12y — 8y =
0, vi) 8y" +12y" + 6y +y = 0, vii) ¥y = 0, viii) y™) —y =0, iz) ¥y + 8" + 16y =
0, z) y™ =2y 4o = 0, zi) y) +5y ) 10y +10y" +5¢' +y = 0, zii) v +64y = 0.

[Do It Yourself] 3.57. Given that m* +2m? +5m? +4m + 4 = (m? + m +2)?, find the
general solution of y™) + 2y + 5¢y" + 4y + 4y = 0.

[Do It Yourself| 3.58. The roots of the auxiliary equation are i) 4,4,4,4,2 + 3i,2 —
30,24 30,2 — 30,2+ 30,2 — 30,4+ 5,4 — 5i and i) 2,2,2, —1,—1,4,3+4i,3 — 4i,3 + 4i,3 —
47,3 + 44,3 — 4i. Write the general solution in each case.

3.5.1 Lin Non-Homogeneous Constant Coeff

. . . . . dn an—1,
» Consider nt"-order non-homogeneous linear differential equation anﬁ—g + an_lmeg +

cee {13% + alg% + apy = b(x). The solution |y = y. + y, | is called the general solution

of this non-homogeneous equation.

» Suppose agf—xg- + ay % + apy = b(z) has a solution ¥ and a particular solution ¢,. Then
lasD?(¢) — 4bp) + a1 D(¢ — ) + agly = 0 i.e. ¥ — by is a solution of the homogeneous
equation = 1) = Homogeneous solution + 1y,

» We already studied how to find complementary function y. from the corresponding ho-
mogeneous equation. Now we will study some techniques to find the particular integral

UYp.




» The equation y” + 2y’ + y = x can be written as (D? 4+ 2D + 1)y = =, where D = 4

= d-_.
» Now the solution of (D? +2D + 1)y = 0 gives C.F. y,.
» The P.I y, of (D?+2D + 1)y = = can be found by y, = mm
1
> [Rue 1} (o) = ¢ [ f(a)aa.
—a
1 1
> : ——e™ = ——e" | provided f(a) # 0.
o7
. ar __ m_ ar
> [Rule 3] 5w = e
1 1 1 1
Rule 4| 6= 6.6"" = 6———e"" = 6—-o—e" = 6.
> [Rule 4] D’+D+1  D*+D+1° ~"D2+D+1° 0Z+0+1"
1 1 1
» [Rule 5| —— cosax = ———— cos ax = ——— cos ax, provided ¢(—a? 0.
[Rule 5} 75 D7) =) 7
» If f(D) = ¢(D?) = D? +a® = ¢(—a?) = 0, then we will use next rule.
. . 1 ; 1
Rule 6] —— cosaz = R 2] _ Reiar (1)) = R —— (1
g Drya % [Dz—i—a?e ] le (D+ia)2+a2( ) e D2+2Dia( )
, 1 1 ; 1 )
9 nar — ax _ 2 . — ax
R e @ Dy2ia) W = B gpg (1 — P/2ia+ - ) ()] = Ve 55 (L)
_ ez L . gcosar+isiner o ox
= R[e 21".0,2'] ; R| 57a x] = 5, Sinaz.
> :W sinazr = —% c;)s az. [Easy Proof]
» |Rule 8 eg(z) = e ————g(x).
o = o™
Example 3.11. Find P.I. of (D* — D? —6D)y = 22 + 1.
. . 2 .
= Pl = prprp(2® +1) = —shrppz (@ + 1) = —sp L+ (§ - F) 7' (2° + 1)
T
2 2 - 2 2
=l (2 ) (BB @ 1) = gl — (2 2 e 1)

[Do It Yourself] 3.61. Find the general solution of : y" + 4y’ + 4y = 4z? + 6e*, 3 —
3y + 2y =22’ 4+ 3sinz, v — 3y +2y=e—=z, y(0) =1, ¥ (0)= -1, ¢ +y=sin’z.
[Ans:y = (a1 + czx)e_zx +a22 22+ % + %e“’, y = c1e% + cae®® + ze’T — %63‘” + % sinx +
1—% cosz, 6y = —10e?* 4+ 156* + e "].

[Do It Yourself] 3.62. Find the general solution of : y' +y =sinz+e*, ' +y =
Azsinz, y' + 3y + 2y = e % 4 22

[Do It Yourself] 3.66. Which of the following Ode is satisfied by functions y(z) =
e—1+V3)2 gpd ya(z) = 7222
(A) (D*+5D +6)y=0. (B) (D*+6D*+ 11D +6)y=0. (C) (D*+ D —2)y = 0.

(D) (D? +4D? + 2D — 4)y = 0.

[Do It Yourself] 3.67. Let a(t), 5(t) be differentiable functions on R such that a(0) =
2, B(0) = 1. Ifa(t)+ B'(t) =1, &'(t) + B(t) = 1 for all t € [0,00), find the value of
a(ln2).

[Hint : Find CF + PI, Ans: 7/2]



3.5.2 Method Of Undetermined Coeflicients

T n—1
» Consider n'"-order non-homogeneous linear differential equation angm—g + an_lﬁ +

cee agg—?} + al% + agy = b(x). The solution [y = y. + yp | is called the general solution

of this non-homogeneous equation.

» We already studied the methods to find P.J in previous section.

» The method of undetermined coefficients (UC) is an another method to find P.1 i.e. y,.
This methods can be applied if the function b(z) has certain forms.

» [Rule 1} a,z™ — Ag+ Az + -+ Apz™.

» [Rule 2| ™ — Ae®. If fails, then use Axe®”.

» |Rule 3} z"e™ — ™ (Ag+ A1z + -+ Apa™).
>

Rule 4} sinaz — Asinaz + Bcosax. If fails, then use (A sinaz 4+ B cos az).

> : e’ sin bx — €"(Asinbx + B cos bz).

» Here we have to find these coefficients to obtain y,.

Example 3.12. Find P.I. of (D* — D? —6D)y = 22 + 1.

= Let yp = Ao+ A1z + Asa?®. Therefore, Dy, = Ay + 245z, Dzyp = 245, D3yp = 0.
Since yp is a solution of the given equation. It implies

—2A, — 6(A; +2A452) = 22 + 1, Now its impossible to find the coefficients.

Let y, = Az + Asz? + Asa.

Therefore, Dy, = Ay + 243z + 3A32%, D*yp = 242 4 643z, D*y, = 645.

Since yp 1s a solution of the given equation. It implies

6A3 — QAQ — 6A3$ — 6(441 —|—2A2£C —|—3A3$2) = 56‘2 +1= —].SAgiEQ — (12142 + GAg)ZL“ —|—6A3 —
24, — 64, = 22 + 1.

SOAP,: _i_18’ 12A2+GA3 :O::?Ag:% 6A3—2A2—6A1 :1:‘*441:—%.
Therefore, y, = —%[% — % + 215'—;]

[Do It Yourself] 3.68. Find the general solution of : y" + 2y’ + 2y = 10sindz, y" —

2y — 8y = 1€, o' — 4y = 162e®*, " +4y" + ¢ — 6y = —182% + 1.
3.5.3 Variation of Constants Method

» This is more general method than the above two. Here we need to know the solution
of corresponding homogeneous equation.
» We will study through an example.

Example 3.13. Solve the Ode: y" + y = tan z.

= Y. = c18inx + ¢y cos .

Let y, = vy sinx + vy cos x, the functions vi(x),ve(z) will be determined such that this is
a P.I. of the given system.

Now, yp, = v} sin x+vj cos x+v1 cos x—va sinx, we impose the condition, v sin x+vy cosx =
0.

So y, = vicosx — vysinz = y,; = vjcosT — vysinz — vy sinx — vacosT = Y, + Yy =
V] cosz — vhsin .



. . I _: ! ! f _:
So we obtain two equations, vy sinx + vycosx =0, vjcosxz — vysinz = tanw.

0 cos T

, tanxz —sinz )

vy = - =SsINT = V] = —COST + C3.
sinz cos®
cosr —sinz
sin x 0

, cosr tanxz .

Uy = = cosT —secT = vy = sinx — In|secx + tan z| + ¢4.

sinxz cosx
cosxr —sinx

Therefore, yp(x) = c3sinx 4 ¢y cos z — cos z In | sec x 4 tan z|.
The general solution is y = y. + yp = y = Asinz 4+ Bceosz — coszIn|secx + tan z|.

o It Yourse .69. Find the general solution of : y'+y =secx, y' +y =tan”z, y"+
Do It Y If] 3.69. Find th [ soluti f oy " 3 "
3y + 2y =",

T




