Chapter 4

Partial Differential Equations

4.1 Preliminaries
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» In PDE of z is a dependent variable and x,y are independent variables.
» Form of PDE of 1* order is f(x,y.z, p.q) = 0.
» ¢lu(r,y, z).v(r,y,z)] =0= Dif ferentiate

i Oproudr Ou By Ou Oz OprOvdx Ovdy Ovdz]
* Wrt 2= Ou Loz 0z 5y -fl'y@:r * 536‘;{:] i v [6’1‘5:{: - Oy Ox - 523.11] =0

¢ rou N O N Ao rov v

Tl O 8 0% 00 bu0ry 04[Oz Budy  Dud
x Wt y= 22 _'”_I+_'”_y+_u_z} _‘p[_t’_j ooy _t’_z} —0
Ouldrdy Oydy 8z 0y Ovldxr Oy Oydy 0Oz0y
ﬁcb rOu dur  dorov 31:} 0
ﬁu Ei'y qﬁ‘z- :5‘1! ﬁy qﬁz ‘
* Note: If u =22 + 4% + 2% = d;z: 2L — 9, d—y = 2y, %:22, and v = ry’z =

Gu _ Ju _ du _
5 = ylz, 5 = 2ryz, 52 = Ty,

[Do It Yourself] 4.1. Eliminate arbitrary constants and form the PDE:
i) z =2z —a)?—3(y—B)?, zt]z-{x—l—a}(y—l—b] i) 2z = (ax+y)2 +b, iv) 2 =§§+b2,
v) In(az — 1) = x + ay + b, vi) az? + by? + 22 = 1.

B 3 Q . .
Ans : i)z = & — L, i)z = pq, iii)pr = q(q — y), )2z = pr+qy, v)plg+1) =
zq, vi)zpz + zqy — 2% = —%: now dif ferentiate]

4.1.1 Order and Degree of a PDE
» |Order | The order of highest derivative.
» |Degree | Power of highest order derivative.

—) Order 2 and Degree 2. ii)

3
gzz ryg— Order 3 and Degree 1.



4.2 Classification of 1¥ Order (p,q) PDE

W Linear: | P(x.y)p + Q(z,y)g = R(z,y)z + S(z.y) |
Ex. (zy)p+ (z+ v%)g = (z%y)z + (2 + 3z). Write down two more.

B Semi-linear: | P(z, y)p + Q(z,y)q = R(z,y, z) |,
Ex. (zy)p+ (z+ v?)g = z°yz*. Write down two more.

B Quasilinear: [ P(r,y.2)p + Q(z,y,2)q = R(zx,y,2) |
Ex. (zyz2)p + (xz + y?)q = *yz>. Write down two more.

B Noo-linear: | f(z,y,z.p,q) = 0| and not in the form of above three,

Ex. (p? + ¢*)y = qz. Write down two more.
4.2.1 Lagrange’s Method

» The equation 1s: Pp+ Qg = R where P, ), R are functions of =, y, z.
» Lagrange’s auxiliary equation: %‘;c- = %L = %—

» | Working Rule | Step i): Using AE: u(x,y, z) = 1, v(z,y.z) = ea.

» | Working Rule | Step ii): General Solution: ¢(u,v) =0, or, u = ¢(v), or, v = ¢(u).

Torl L dr _ dy _ dz _ Pide4Qdy+Ridz L _ Aoy —
» | Working Rule | 'p'—?,'}—ﬂ'— PO O, . Now if Denom =0 = Num = (.

Example 4.1. Solve xzp — yzq = y* — z°.
= The given equation is Tzp — yzq = y> — x°.
2 . d z de+ydy+zdz dr+ydy+zdz
So Lagrange’s AFE is % = ?y% = y_;i_xj = IQ:_y;"f_i_i;;_m% ==z +FOF+ .
So Idr+yd-y+zdz:{]:>x2+y2+zz = .
. d d
Agam%::&r:%—k—f:{]:}xy:c}

Therefore, the general solution is f(x? + y? + 22, xy) = 0.

Example 4.2. Find the integral surface of the linear PDE z(y* + 2)p — y(z? + 2)q =
(2 — y?)z which contains the line x +y =0, z = 1.

= The given equation is x(y* + z)p — y(x? + 2)q = (2% — 3?)=.
dr , dy , ds

' g i dx — dy — dz _ =iyt T zdrtydy—d:

So Lagrange’s AFE is ey R . ey Sl ey ol X = < )

So%—l—%?—l—%:{]::»;ryz:cl.

Again zdr + ydy —dz = 0= 22 + 4% — 22 = ¢.

Nowz=1=¢ =xy, cg =2° 49> —2.

Alsor=—y, =21’ = -, =20 2=034+200+2=0= 2"+ — 22+ 2ay2+2 =0
Therefore, the integral surface is x° + y* — 2z + 2xyz + 2 = 0.



[Do It Yourself] 4.4. Find the equation of the integral surface of the differential equation
(22 — yz)p + (y® — zx)q = 2° — zy which passes through the line + =1, y = 0.

4.2.2 Integral Surface Orthogonal to a Given Surface

» Suppose f(z,y,z) = ¢... (1) is a one parameter family of surface. Then the surface orthogonal

to (1) is p%é%—q%:%g.

Example 4.3. Find surface which is orthogonal to one parameter system z = ex(z> —y?)
and passes through the circle 22 +y* =1, z = 0.
2 2
= The given equation is M = % . (1),
Let f(z,y,2) = ﬂzz__g—ﬁl, So fr = %ﬁ! fy= —_5-?;‘*&: fo = _Li;ﬁﬁl_
So the surface orthogonal to (1) is pf. +qf, = f..

? - dx d; dz dx d dz
Now Lagrange’s AE is §& = ﬁ el A v ey i R v
Z = - z

From i),ii) we get, %“’g = -22%5:2 = 12 (y® — 5x?) = ¢4

dx _ dy  _ zd: _ mdrtydy+3zdz 2 ,.2 2 _
' 3xfi—y? T —2zy T zyi—xt T 0 =Tty + 3z =3

So any surface which is orthogonal to (1) is of the form z* +y* + 32% = fly3(y*® — 527)],
where f is an arbitrary function.

Nowz?+y? =1, z = 0 implies f|y*(y?>—5z%)] = 1, so the required surface is r?+y*+32% =
L.

From i),ii),iii) we get

[Do It Yourself] 4.22. Find the surfaces orthogonal to the given surfaces:

i) z(x +y) = e(3z + 1) passes through 2 +y> = 1,z = 1, ii) z = cxy(x® + y°?) passes
through 2 — y? = a?,z = 0.

[Ans : i) 22 + 42 — 223 — 224+ 2 =10, ii) (22 — y?)%(2? + 3% + 42?) = a*(2? + ?))



4.2.3 Solutions/Integrals & Compatibility

» Complete Integral: Complete integral solution is solution of a partial differential equation
of the first order that contains as many arbitrary constants as there are independent vari-

ables. f(z,y,z,p.q) =0=|g(z,y,z,a,b) =0|= g is a complete integral of f.

» Particular Integral: Particular integral solution is a solution free from arbitrary con-
stants i.e the solution obtained from complete integral by giving particular values to the
arbitrary constants.

» General Integral: Assume b = ¢(a) then g(z,y,z,a,b) = 0 = glz.y,z,a,¢(a)) = 0.

Now eliminating a from g(z, v, z,a,#(a)) = 0 and gﬁ — () we get the general integral.

» Singular Integral: Singular integral is obtained by elminating a,b from complete inte-
gral g(x,y,z,a,b) =0 and gﬂ- =0, %g— =0.

B Two PDE’s fi(z.y,z.p,q) and fa(z,y, z, p, q) are compatible (i.e. every solution of one is

a solution of the other) iff [fy, fo] = 0, where [f, f2] = aé{;iﬁ}—kp é{' ﬁ} —I—dé{; 5]2) —I—qaé{;:ﬁ].

4.2.4 Charpit’s Method

d dz dx d dF
» flz,y,2z,p,9) =0= g_[_,_pg;:gi_‘f_qg:_g_[_g;:_gr_ = =3 = 5
fx v gz ay g az P ap q tq ap g

Example 4.4. Find a complete, singular and general integrals of (p* + ¢°)y = qz.
= The gsben equatwﬂ, is {p -+ qz}y qz = D {A)
d

P dz de _  d

F:Jx &z b‘p [
— dp _ dz da: — _du )
—Pq T —2pfytgz—2¢° y = Sy T “2qyt=
Using (1), (2) we get, p*® + ¢* = a.
m?_aﬂyz

2.2
So by (A), ay = qz = q = 2. Again, p* =a— = p=
Now putting these values of p.q in pdr + qdy = dz implies = Vaz @ gy + Hdy =
_ M 2.0 zdz—ayd 2ds—ayd o
dz = zdz — aydy = \/az® — a’y’dz = Fﬁ;g—z dr = Qavw—z_% 2adr =
Vvaz? —a?y? = ar + b= (az? — a®y?) = (ax + b)? ... (3).

The complete integral is (az® — a®y?) = (ax + b)?, where a,b are arbitrary constants.

% Singular Integral: Differentiate (3) w.r.t. a and b we get, z° —2ay® = 2ax® + 2zb ... (4)
and 2za + 2b =0 ... (5). Eliminating a,b from (3),(4),(5) we get the singular solution.
% General Integral: Replacing b by ¢(a) in (3), we get (az® —a®y?) = (az+é(a))? ... (6).
Differentiate (6) partially w.r.t. a, we get z> — 2ay® = 2(ax + ¢(a))(z + ¢'(a)) ... (7).
General integral is obtained by eliminating a from (6), (7).




Example 4.5. Find a complete, singuﬁa'r and genemi éntegmfs of 2xz—px? —2qry+pqg = 0.

= The given equation is 2rz — p:t: — 2qxy + pg = (A}
So Charpit’s AE is afd 5T = — BJE'** ™ = _BT _g.r
+ Bz F:,‘y+q bz Pa‘p qtiq
_dp _ dg _ dz _ d:c __dy

2:—2qy ~— 0 ~ pri+l2zyq—2pq = = —q  2zy—p’
Using (2) we get, g = a.

So by (A}j (I — EIJ = 2;];{2: — ay} =p= 25{.‘3’—[13;:]

Ee—a

Now puitting these values of p,q in pdr + qdy = dz implies 22z ay)d;r +ady = dz =

+dr = d(;_;;} =z —ay=bz? —a) = z = ay +b(z? —a) ... (3).

The complete integral is z = ay + b(x® — a), where a,b are arbitrary constants.

% Singular Integral: Differentiate (3) w.r.t. a and b we get, y—b =10 ... (4) and 22 —a =
0 ... (5). Eliminating a,b from (3),(4),(5) we get the singular solution z = =2y.

% General Integral: Replacing b by ¢(a) in (3), we get z — ay = ¢a)(z® — a) ... (6).
Differentiate (6) partially w.r.t. a, we get —y = &'(a)(z?® —a) — ¢(a) ... (7).

General integral is obtained by eliminating a from (6), (7).

[Do It Yourself] 4.23. Find CI for i) pxy + pq + qu — yz = 0, ii) p’z + ¢*y =
iii) z% = pqry.
[Ans: i) (z —az)(y+a)® =be¥, ii) /(1 +a)z =vVaz+\/y+b, iii) z==x ylf“b]

[Do It Yourself] 4.24. Consider the first order PDE: p+q = pq, where p = dx qg= g:;
Then which of the following are correct?
(A) The Charpit’s equation for the above Pde reduce to = = —dL =4 —d (p)a

—F _P“;‘ rtq
solution of the Charpit’s equation is ¢ = b = constant. ? C) The correspondmg value of p

is p = LE_l (D) A solution of the equation is z = -f_il + by + a.

[Do It Yourself] 4.25. The Charpit’s equation for the Pde: up® + ¢* +x +y =0, where

p= g—;,q = % are given by
dr dyy _ du _ dp __ dg dr _ dy _ du _ dp  __
(4) —1—p* = —1—gp® = 2p°u+lg® = Zpu ~ 2q° (B) 2pu — g 2pfutlgt T —1-p° T —l—gqp*’



