2.2.2 Discrete Random Variable

B A random variable X defined on (2, 8, P) is said to be a discrete RV, if 3 a countable set

E C R such that P(X € E) = 1.

» The points of £ which have positive mass are called jump points of the DF of X, and

their probabilities are called jumps of the DF.

» I € B as every one-point is in B = {X € E} is an event.

» If X takes the value x; with probability p;(= 0) i.e. Plw : X(w) = z;) = p;. Then
o i =1

| |Pr0b&]’]i]itjf Mass Funetion or, PMF |: The collection of positive numbers {p;} satis-

fving P(X = z;) = pi, for all i and Y7, pi = 1, is called the probability mass function
(pmf) of random variable X .

> P(X =azi)=pi= F(z) = P(X <) =}, . pi-

» If {pi} be a collection of nonnegative real munbers with 350 p; = 1 = {pi} is the
PMF of some discrete BV X .

» Degenerate RV (at the point a): The RV X takes only one value with P(X =a) =1

0 ifr<a

P(X:a]:l:}F(I}:P(XEI}:{l fr>a

2.2.3 Random Variable Using Indicator Function

M Indicator function: f(x) = I4(x), = € R.

o) 1 ifreA
T) =
A 0 ifré A

» Step function: f(x) = >0 (ol (x), v € R, A;’s are plecewise disjoint interval and
Uz, 4 =R.

» A special type of indicator function:

5(z) 1 ifx>=0
Ir) =
0 iftx <0

[Do It Yourself] 2.17. Write down the function d(x — c).

B Indicator function of a set A is

1 ifxe A 1 fweFK 1 fw=um=
IA(x) :{ o = Ig(w) = { = Iix—zy(w) = Ti53(w) = {

0 0 o.w. 0 o.w.

Therefore, for discrete case: ‘ Random Variable X (w) = > 72, mil[x _s,j(w) ‘

Therefore, for discrete case: ‘ DF Fx) = P(X <x) =572, pid(x — x;)




[Do It Yourself] 2.19. Show that the DF of a degenerate RV at a is 8(x —a). Also draw
F(x).

Example 2.5. A box contains good and defective items. If an item drawn is good, we
assign the number 1 to the drawing, else the number assign is 0. Let p be the probability
of drawing at randem a good item. Then define a random variable X and write down its
pmf. Also find the distribution function F(x).

= Let X be the random variable corresponding to draw an item. So

¥ L if the item is good |0 if the item is bad
|0 if the item is bad |1 if the item is good

It is given that P(X = 1) =p, so P(X =0) = 1—p = py(say). Also P(X = 1) = py (say)
[Ordering].

0 ifz <0
Therefore, F(x) =3 . pid(x — ;) = p1d(xz — 0) + p2d(z — 1) = { py if0<zr <1
p1+pz ifr>1
0 ifzr<0
So the distribution function is: F(z) = 1—p if0<z <1
1 ifr =1

[Do It Yourself] 2.20. If the RV X has the pmf P(X = k) = 75, k
find the DF F(x).

1,2,---. Then

[Do It Yourself] 2.21. If the RV X has the pmf P(X = k) = Hﬁ, E=1,2,---. Then
find the DF F(x).

[Do It Yourself] 2.24. Let X be discrete random variable with the probability mass
function p(x) = k(1 +|z|)?, z = —2,—1,0,1,2. Here k is a real constant. Then P(X =0)

equals

(A) L. (B) 2. (C) &. (D) &.

2.2.4 Continuous Random Variable

B The random variable X defined on (2.8, P) with DF F. Then X is sald to be a
continuous RV, if F' is absolutely continuous, i.e. if 3 a non-negative function f(z) such

that for every real number = we have F(z) = [*__ f(t)dt.
» The function f is called the probability density function or, PDF of the RV X.

B | Properties of PDF | ¢ =0, i1 = r)dr=1,#i)a<beR = Pla< X <b) =
P : . :

F(b) — F(a) = [ f(t)dt.
* i) Follows from the definition. ii) Follows from F(oc) = 1, #ii) Follows from P({X <

a}Ufa< X <bJU{X >b}))=1=F(a)+Pla< X <b)+1— F(b) = 1.




p If X is a continnous RV with PDF f = V¥ Borel set B € B, ‘P(B] = [ f(x) dz ‘

» If F' is absolutely continuous and f is continuous at x = | f(x) = F'(x) |

» Every non-negative real function f that is integrable over I with ffcm flr)dr =11s
the PDF of some continuous RV X,

» Since P(X = z) = P(X < z) — P(X < z) = F(z) — F(z—) it implies i) F has a
jump discontinuity at ‘a’ iff P(X = a) > 0, ii) F is continuous at ‘a’ iff P(X =a) = 0.

» For a continnous RV P(X =a) =0, Va € R.

| |Supp0rt of DF ‘: The set of real numbers = for which a DE F' increases is called the
support of F. Let X be the RV with DF F, and let S be the support of F. Then

P(X €8)=1and P(X € 5% =0.

» For discrete RVs, support 1s the set of all the realizations that have a strictly positive probability
of being observed.

» For continuous RVs, support is the set of all mmmbers whose probability density is strictly positive.

Example 2.6. Let X be a RV with DF' F as follows:

0 ifzr<0
Flz)=Xz if0<z<1
1 ifr>1

Then find i) The density function f(x). ii) The support of F\(x). iii) P(X = 0.5), P(0.5 <
X <08), P(0.5< X <08), P(0.5< X < 0.8).
= Differentiating F(x) we get,

oy O ife <0, 2> 1
wa_Fhﬂ_{l ifo<z<1

The function [ is not continuous at r = 0,1. We may define f(0), f(1) in any manner.
Choosing f(0) = f(1) =0, we have

flz) =

0  otherwise

{1 if0<z<l

O If the function F(x) is easy then we can draw the graph and easily find the support else

we will use differentiation to find the range (support) where F(x) is increasing. Here the

support of F(x) is (0,1). It related to P(X € Support) = 1.

OPX =05)=0 P05 < X <08)=P05< X <08 =P05 < X < 08) =
08 r(z)dz = 0.3

J0.5 e

Example 2.7. Let X be a RV with triangular pdf [ as follows:

T if0<ae <1
flz)=42—x ifl<ax<?

0 0.,



Then i) Show that f(x) is a density function. ii) Find F(x) and its support. iii) Draw
f(x) and F(zx). iv) Find P(X = 1), P(02 <« X < 1.7), P(0.2 < X < 1.7).

= Here f > 0,Vx. Alsoii) [7_f(z) dr = erl T dr + ff(? —z)dr=1.

O DFF s

0 ifx <0 0 if r <0
Fla) = J Jo D)t fo<z<t  |Z if0<z<1
P Ftdt+ [Fr)dt ift<z<2 |20-Z -1 ifl<z<?2

1 ifr > 2 1 ifr > 2

Here the support is (0,2). It can be easily seen from the pdf.

0 We can easily draw f(x) and F(z).

OPX=1)=0, P02<X <1LT)=P02<X <17) = [j,ode+ [[T(2—2) de =
0.935.

[Do It Yourself] 2.26. If the RV X has the pdf

0 0.0

f(I):{k;r.(l—;r} if0<z<l, k>0

Then find the value of k. Also find P(X > 0.3).

[Do It Yourself] 2.27. Does the functions define a pdf for 8 > 07

—8x . z+l —=x=/8
Fz) {323;9 fa>0 o {ML]E /i >0

0 0.1, 0 0.1,

Also find the DF associated with f(z), g(x) and P(X > 2).

[Do It Yourself] 2.28. Show that the function: f(z) = 371", —00 < x < 00 is a pdf.
Also find the DF assoctated with f(z) and P(X > 2).

[Do It Yourself] 2.42. The cumulative distribution function of a random variable X is

0, x =<0
Flz)=< =k k<z<k+1,k=0,1,2.
1, r = 3.

Find: (a) P{X = j) for all non-negative integers j. (b) P(X = 2). (¢) P(—1 < X < 1).
[Hint: P(X =j)=P(X <j)-P(X <j-1)=F()—F(ji—1)]

[Do It Yourself] 2.43. The cumulative distribution function of a random variable X is

0, if ¢ < 0,
, 11+ %), if0<x <1,
given by F(z) = é[3+(x_1)2]! ifl<e<2
1. if ¢ > 2.

Find P0< X <2),PO<X <1)and P(1 <X <3).
[Hint : Fasy]



(0, ifz <0
= f0<z<l
(Do It Yourself] 2.44. Let F(z) = %"’2, ifl <z < 2. Find the value of
Lf_l)s if2<x<3
1, if x> 3.

¢ for which F(.) is a cumulative distribution function of a random wvariable X. Also
evaluateP(1 < X < 2).
[Hint : FEasy]

2.2.5 Decomposition Theorem

B Every DF F(z) can be decomposed into two parts as | F(z) = aFy(z) + (1 — a)F.(x)
with 0 < a < 1. Here F; and F,. are both DFs of a discrete and a continuous (not
necessarily absolutely continuous) RVs. Here F(x) is called mixed DF.

| | Various Event and Corresponding DF |: i) P(X <a)= F(a),ii) P(X <a)= Fla™),
iii) P(X >a)=1—F(a), iv) P(X 2a)=1—F(a™),v) Pla< X <b)=F(b) — Fl(a),
vi) Pla< X <b)=F(b")— F(a), vii) Pla< X <b)=F(b) — F(a™), viii) Pla< X <
b)=F(b~)— F(a™),ix) P(X =a) = P(X <a) - P(X <a)=F(a) — F(a™).

Example 2.8. Let X be a RV with DF' F' as follows:

0 ifr <0

1 .

5 if e =10
Fa={7 2

s+5 f0<z<

1 ife =1

Then i) What kind of RV is X ¢ 4i) Find the support of F(x)? iii) Write down F(x) as a
conver combination of discrete and continuous DFs. iv) What can you say about the pdf
of F(x) as well as its decompositions.

= Here F(x) has a jump at © = 0 and F is continuous in the interval (0,1). So F is the
DF of an RV X that is neither discrete nor continuous i.e. F' is a mired DF.

O Here F(x) is T on0 < z < 1 also F(z) has a jump at x = 0. So the support is0 <z < 1.
(0 Here F(x) has a jump at © =0 and F is continuous in the interval (0,1).

0 ifzxr<O
Fd(m}:{l 3;$;:U

0 if o <0
Fizr)=qz+1 if0<z <1
1 ifr>1



Here F(z) = LFy(z) + %FC(JJ}, (Range break: ¢ < 0,z = 0,0 <z < 1,z > 1).
(0 Here Fy(x) is a discrete distribution with pmf

1 ifzx=0

0 o.w.

P{X:x}:{

Note that, X is a degenerate RV at x+ = 0. We can easily find P(X = x) from Fy(z)
through its jump points.
Here F.(x) is a continuous distribution with pdf

fc(:v]:{l if0<r<l

0 o.w.

Note that, X is a continuous RV. We can easily find f.(x) from Fe(x) through differenti-
ation.

Since F(x) is a mized DF il is neither continuous noer discrete, so there is no questions

about its pdf or, pmf.

[Do It Yourself] 2.45. If the RV X has the DF

0 ifxr<0

Z 4f0< 1
Fz) = g if0<zx <

3 fl<xz<2

1 ifr>=2

Then show that F(x) can be written as mizture of two distributions. Also find P(X <
1),PIX=1,P1l< X <2),Pl<X<2,Pl<X<2).

[Hint : F has jump at = = 1,2. Take Fy(x) = 0(x < 1), 3(1 <z < 2),1(z > 2) =
Fo=0z<0),z(0<z<1),1(1<zr<2),1(z>2)=F=1F;+1iF]



