3.2 Generating Function

B The generating function of a random variable X is a function of the form E[f(t, X)],
provided the expectation exists. Here ¢ is a parameter.

3.2.1 Probability Generating Function (PGF)

B PGF is specially meant for a discrete distribution which has its jumps at non-negative integer
values of the random variable X.

B Let X be a RV with pmf P(X = 2) = p;, 2 =0,1,2,--, then the PGF is defined by
E(tY) =Y t"P(X =2) =3, t"py = po + tp1 + t?pa + - --. It is convergent for |¢| < 1.
PGT is denoted by Px(t) or, P(t).

» Note that: Y 07 (% p, < Y o2t is convergent for |f| < 1 (Comparison test).

» If EX" < co then EX = P'(1), E[X(X —1)]=P"(1), E[X(X —1)(X —2)]=P"(1)

and so on.

» PGF is not applicable for continuous distribution.

Example 3.9. Consider the pmf of a binomial distribution with parameter n,p i.e. X ~
Bin(n,p). It has pmfp, = P(X =z) = (2’);}“”4}”“”, x=0,1,---,n. Then find the PGF.
Hence find E(X),E[X (X —1)] and V(X).

= The PGF is Px(t) = E(t*) =Y 2 o t*P(X =z) =Y oo (1) (pt)*¢" ™" = (g + pt)", Vt.
E(X) = P'(1) = np(q + pt);Z) = np(g +p)" " = np.

Similarly, E[X(X —1)] =n(n — 1)p? = EX? = n(n — 1)p? + np.

SoV(X)=EX? - E?’X =n(n—1)p* + np — n*p? = np — np? = npq.

[Do It Yourself] 3.44. Consider the pmf of a poisson distribution with parameter \ i.e.
X ~ Poi(A). It has pmf P(X = x) = e_;!)‘x, x=0,1,2,---. Then find the PGF. Hence
find E(X),E[X(X —1)] and V(X).

[Do It Yourself] 3.45. Consider the pmf of a geometric distribution with parameter p
i.e. X ~ Geo(p). It has pmf P(X = x) =pq¢*, x =0,1,2,---. Then find the PGF. Hence
find E(X),E[X(X —1)] and V(X).

Theorem 3.2. If X, Y are non-negative integer valued independent RVs with PGFs Px(t), Py (t)
respectively. Then show that PGF of X +Y is Pxiy(t) = Px(t)Py(t).

O Let Px(t) is defined for |t| < t1, Py (t) is defined for |t| < ts.

Take to = min{ti, to} = Px4y (t) is defined for |t| < to.

Now Pxiy(t) = E(tXTY) = E(tX)E(tY) = Px(t)Py (t).

Note that, since X,Y are independent = tX,t¥ are independent = E(tX+Y) = E(tX)E(tY).

[Do It Yourself] 3.49. If X1 ~ Bin(ny,p), X2 ~ Bin(na,p) and X1, X» are independent.
Then show that X1 + X5 ~ Bin(ny + na,p).
[Hint : Show Px,yx,(t) = (g +pt)"'"2 = [t is a PGF of Binomial distribution]

[Do It Yourself] 3.50. If X| ~ poi(\), Xo ~ Poi(\y) and X, Xy are independent.
Then show that X| + Xo ~ Poi(A; + \3).



3.2.2 Moment Generating Function (MGF)

B Let X be a RV defined on (€, S, P). The function My (t) = M(t) = E(e'*) is known
as the moment generating function (MGF) of the RV X provided the expectation exists
in some neighborhood of the origin i.e. |t| < & for some £ > 0.

» The MGF uniquely determines a DF and conversely if the MGF exists, it is unique.

» The requirement M (#) exists in a neighborhood of zero is a very strong requirement that
is not satisfied by some common distributions. So we can’t say that MGF always exists.
» MGF can be applicable for both discrete and continuous distributions.

» If the MGF M (t) of a RV X exists for |t| < ¢ = The derivatives of all order exist at

t=0and | EX" = £ Mx(t)—o | Also,|E(X —pu)" = H£=Mx_,(t);—0|

» Note that, M(t) = E(e’X) = 1 +tEX + LEX? + LEX3 +... = % U,

[Do It Yourself] 3.57. Find the MGF, EX,V X for the following distributions:
i) P(X =2) = 524, #=1,2,3,---, ii) Bin(n,p), iii) Poi(}),

[Do It Yourself] 3.58. Find the MGF, EX, VX for the following distributions:
i) Gammal(a, B) distribution : f(x) = raf(;z) 2 e P x>0, a,f>0.

i1) Laplace(a) distribution : f(x) = %e‘“"”', —oo < x < oo, a>0.

i12) Laplace distribution : f(x) = % ._lz;ﬁl, —oo < <00, a>0,—00<fF<00.
[Hint : i) § [%_e®e™?1 dz = %[fooc_ el dp 4 [ et Te0l dx]

[Do It Yourself] 3.59. If the MGF of X is Mx(t), then show that the MGF of aX + b
is e®™ My (bt).

Theorem 3.3. If X, Y are independent RVs with MGFs Mx (t), My (t) respectively. Then
show that MGF of X +Y is My y(t) = Mx(t)My(t). Extend this for n RVs.

O Let Mx(t) is defined for |t| < 1, Py(t) is defined for |t| < 5.

Take ¢ = min{sy, 2} = Mx 4y (t) is defined for |t| < e.

Now Mx.y(t) = E(e!X+Y)) = E(eX)E(e!Y) = Mx (t) My (1).

Note that, since X,Y are independent = X €Y are independent = E(EE(X"'Y)) =
E(eX)E(etY).

] Easy.

[Do It Yourself] 3.70. ‘Important Properties ‘: If X1, X5 are independent RVs. Then
using MGF show that
i) X1 ~ Bin(ny,p), Xo ~ Bin(na,p) = X1 + Xy ~ Bin(n; + na, p).
33) X~ PO’E.()\]), Xo ~ POB()Q) = X+ X5~ Poé()\l — )\2)




[Do It Yourself] 3.72. The probability mass function of a random variable X is given
by P(X = z) = k(g), xz=0,1,---,n, where k is a constant. The moment generating
function My (t) is

. tyn n
(4) S5 (B) ey (€) mgryens (D) 2°(1+ )™
[Hint : Show k = 2% Then P(X =z) = (2)(%)3’(%)”_3’]

3.2.3 Cumulant Generating Function (CGF)

B Let X be a RV defined on (2,8, P). The function Kx(t) = K(t) = In[Mx(t)] =
In[E(e'X)] is known as the cumulant generating function (CGF) of the RV X provided
the expectation exists and positive in some neighborhood of the origin.

» Cumulants are |k, = % (X () ]1=0 |-

» There are situations (not always) when work with cumulants are easier than work with
moments.

Theorem 3.4. If X, Y are independent RVs with CGFs Kx (t), Ky (t) respectively. Then
show that CGF of X +Y is Kx.y(t) = Kx(t) + Ky (t). Extend this for n RVs.
] Fasy.

3.2.4 Characteristic Functions (CF)

B Let X be a RV defined on (£, S, P). The complex-valued function ¢ defined on R by
ox(t) = d(t) = BE(e"X) = E(costX)+i E(sintX), t € R, is called the characteristic function
(CF) of RV X.

» For Discrete RV: ¢x(t) =) (costz +1i sintz)P(X = k).

» For Continuous RV: ¢x(t) = [ coste f(x) dr+i [ sintx f(zr) dz.

» Note that, ¢(¢) uniquely determines the DF of RV X.

» Although an MGF may not exist for some distributions but a CF always exists.

[Do It Yourself] 3.79. Show that for a constant ¢, ¢cx(t) = dx(ct).

[Do It Yourself] 3.80. If X, X, are independent RVs, then show that ¢x,+x,(t) =
ox, (t)ox,(t). Does the converse is true?

[Hint : Use Cauchy distribution f(x) = 7o —00 <@ <00 = ox(t) = eIt

1
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3.3 Bivariate Case

‘We will discuss the above scenario for bivariate case.

3.3.1 Expectation

» If (X,Y) is a bivariate discrete RV with pmf p,, = P(X = 2,Y = y), then the expec-
tation of g(X,Y) or, Eg(X,Y)] exists and equals Zx_yg(:g, Y)Pxy, i > gl y)|pay < o0
i.e. convergent.




» If (X,Y) is a bivariate continuous RV with pdf f(z,y), then the expectation of g(X,Y)
or, E[g(X.Y)] exists and equals [*_ [%_g(x,y)f(z,y) dz dy, if [% [% |9z, y)|f(z.y) dz dy <

oo i.e. convergent.

[Do It Yourself] 3.82. If (X,Y) are jointly distributed RVs. Then show that E(aX +
bY +¢)=aE(X)+bE(Y) +c.
[Hint : E(aX +bY +¢) = [*_ [% (az + by + ¢) f(z,y)dz dy]

[Do It Yourself] 3.83. X and Y are independent RVs. Then show that E(XY) =
E(X)E(Y).

[Do It Yourself] 3.86. Let X and Y be two positive integer valued random variables
with the joint probability mass function

P(X =m,Y =n)= {E(m)h(n): m,n =1

otherwise.

where g(m) = (L)™' ,m > 1 and h(n) :_(1%)%??1 > 1. Then ﬁndf(XY). |

Wint = EXY = T35, T e ()7 (1)) = e () Siw ()Y = (-
1yv—2 1 1yv—2 19
3) 3(l—3) " =43.3=3]

[Do It Yourself] 3.87. Let X and Y be continuous random wvariables with the joint
probability density function

F(z.y) ce(l—z), if0<z<y<l
xTr. =
Y 0, Otherwise

where ¢ is a positive real constant. Then E(X) equals

(A)1/5. (B)1/4. (C)2/5. (D) 1/3.

3.3.2 Generating Functions

B Let (X,Y) be a bivariate RV, then the function Mx y (t1.t2) = M(t1,t2) = E(elX T2V
is known as the moment generating function (MGF) of the RV (X.,Y) provided the ex-
pectation exists for |t;| < &; for some £; >0, j = 1,2.

» For discrete case M(ty.t5) =Y °° 29 ettty p(X =z Y = and for contin-
(t1,t2) =3 ) ( ; Y)

T=—00 £4Y=—00
uous case M (ty,t3) = f_oox ffooo el Ty f(z y)dz dy.

» The MGF M/(ty,t2) completely determines the marginal distributions of X and Y.
Moreover, M(t1,0) = E(e""X) = My (t;) and M(0,t3) = E(e2Y) = My (t2).

» If M(t,,t5) exists, then moments of all orders of (X,Y) exist and will be found from

N ™M (11,t2)
B(Xmyn) = 9 M1 0a) .
( ) 3{?1 atvz?' t1=0,t9=0



[Do It Yourself] 3.94. X andY are iid Bin(n,p) RVs i.e. pmf P(X =) = (7)p*(1 —
p)" %, x=0,1,--- ,n. Then using MGF find the pmf of Z=X +Y.

[Hint : Mx(t) = My(t) = (g + pe")", Now Mxyy(t) = Mx(t)My(t) = (q + pe')*" =
Bin(2n,p) = P(Z = z) = ( " (1 — )2“ L z=0,1,---,2n]

[Do It Yourself] 3.95. X and Y are iid Poi(\) RVs i.e. pmf P(X = z) = e_;’\z, T =
0,1,2,---. Then using MGF find the pmfof Z =X +Y.

3.3.3 Moments and Correlation

B Let (X,Y) be a bivariate RV, if E(|X7Y*|) < oo then E(X7Y*) is said to be a raw
moment of order (7 + k) of (X,Y).
» Moreover, E(X7Y*) =) . Z PyFP(X =z,Y =9y) = I fy ziyk f(x,y) dzdy.

B Let (X,Y) be a bivariate RV, if E[|(X —EX)J(Y — EY)F|] < oo then E[(X —EX )/ (Y —
EY)F] is said to be a central moment of order (j + k) of (X,Y).

» Moreover, E[(X — EX)I(Y —EY)¥| =3, >yl — EX)(y—EY)P(X =2,Y =y) =
.f:rf z—EX) (y— EY)f(x,y) dxdy.

B Let (X.,Y) be a bivariate RV, if E[|[(X —EX)(Y—EY)|] < oo then E[(X—EX)(Y—FEY)]
is said to be covariance between (X,Y’) and denoted by Cov(X,Y).

» Covariance: Cov(a1 X +b1Y +c1, a0 X +boY +c2) = ara2V (X )+ (a1bo+bras)Cov(X, Y )+
b1bV (Y).

» Covariance: Cov(X,Y) = E(XY) - E(X)E(Y).

» Variance: V(X) = EX? — E?°X = E(X?) — [EX]? and V(Y) = EY? - E?Y =
E(Y?) - [EY]%

» Standard Deviation: Sd(X) = /V(X) and Sd(Y) = /V(Y).

» Var(aX +bY +c) =a’V(X) + bZV(Y) + 2abCov(X,Y).
» In general, Var(3 " a; X;) = Y1 a?V(X;) + Za;;é_; 1 aia;Cov(X;, X;).

_ _CowX\Y)

B Correlation Coeflicient between X,Y: p = ray VX)) VT

» If X,V are uncorrelated < p = 0.
» If X,V are independent = p=0. If p=0= X.,Y are independent.

[Do It Yourself] 3.98. Let X and Y have the joint probability density function

o Jel <z <y < oo,
J(z.y) = 0, otherwise.

Then the correlation coefficient between X and Y equals

(4) 5. (B) J5. (C) 55. (D) 5

[Hint : Fmd FX, EY VX, VY‘ COU(X:Y) then find p]



[Do It Yourself] 3.102. Let the random wvariables X1 and X2 have joint probability

:I,']E._II:EQ K
if l <oy < 3,29 >0,
density function f(xzy,z9) = 2 / ,l ' .
0, otherwise.

Find the covariance between X1 and Xs.

Hint : Easy]

3.3.4 Moment Inequalities

B Cauchy Schwartz Inequality: If X and Y are RVs then | [E(XY)]? < E(X?)E(Y?)|.

B Jensen Inequality: | E[g(X)] > g[E(X)]| where g is a continuous and convex function.

> ‘E[Q‘(X )] < g[E(X)] | where g is a continuous and concave function.

» A function g is convex (concave) if g" > (<)0.

» E[f(X)g(X)] = E[f(X)|E[g(X)] if f,g are monotone in the same direction.

» E[f(X)g(X)] < E[f(X)|E[g(X)] if f,g are monotone in the opposite direction.

[Do It Yourself] 3.105. Prove the following inequalities (assume that expectations erists)
EX? > E*X.
E(%) >+, X >0.

E(VX) < VEX, X > 0.
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